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Though he goeth on his way weeping 
that beareth the measure of seed, he 
shall come home with joy, bearing his 
sheaves. 

Psalm 126 "Shir ha-maalot" (Song of 
Ascendance) 
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Abstract. This is the first in a series of papers devoted to describing the category of 
sheaves on the affine flag manifold of a simple algebraic group in terms of the Langlands dual 
group. In the present paper we provide such a description for categories which are geometric 
counterparts of a maximal commutative subalgebra in the Iwahori Hecke algebra H; of the 
anti-spherical module for H; and of the space of Iwahori-invariant Whittakcr functions. As 
a byproduct we obtain some new properties of central sheaves introduced in IGl . 
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1. Introduction 

1.1. Basic notations and motivation. Let fc be a field of characteristic p > 0; we will soon 
set k = Fp, but in the introduction we also allow k to be finite; G be a split simple linear 
algebraic group over k with a Borel subgroup B, k{{t)) = F D O = k[[t]] be a local functional 
field and its ring of integers. Let G{0) D I he respectively a maximal compact subgroup, and 
an Iwahori. 

There exist canonically defined group schemes Go, I over k (of infinite type) such that 
Go{k) — G{0), l{k) = I; and an ind-group scheme Gp with Gf(^) — G{F). We also have the 
homogeneous ind-varieties: the afline fiag variety and the affine Grassmanian St, see e.g. 
[G] . Appendix, §A.5. Thus 3^£, Sr are direct limits of projective varieties with transition maps 
being closed embeddings, and J£(fc) = G{F)/I, gr(fc) = G{F)/G{0). 

Let D — D{yt), -0(3'^) be the constructible derived category of /-adic sheaves {I ^ char{k); 
see [D], 1.1.2; [BED] 2.2.14-2.2.18; and also ^G^, §A.2) on J£, Sr respectively, and Di = Di{je), 
Dg{0) = ^G(0)(St) be the equivariant derived categories (cf. [BL] ) . Let y C D, J'(St) C D{Qx), 
J*/ C -D/, 5'g(o) Dq(^o) be the subcategories of perverse sheaves. 

By * we denote the convolution; thus * provides -^(^(o) (gr), Di{J'£), with a monoidal struc- 
ture, and defines a "right" action of Dj{!J£) on D{3^£). 

Let G" be the Langlands dual group over the field Qi, and Rep{G') be its category of 
representations . 

Recall that according to a result of Lusztig (see also |GJ for an alternative proof and gener- 
alization) yG(0)(St) C -0(3(0) (St) is a monoidal subcategory. Moreover, J'G(0)(St) is equipped 
with a commutativity constraint and a fiber functor, and we have (for k algebraically closed) an 
equivalence of Tannakian categories J'Go(St) = Rep{G'). This Theorem is known as the 1760- 
metric Satake isomorphism; see |L0| , |Gi| , [MV| and |BDj . As the name suggests, this result is a 
geometric, or categorical, counterpart of the classical Satake isomorphism K{Rep{G~)) = Hsph, 
where Hsph is the spherical Hecke algebra, and K stands for the Grothendieck group. Here 
the word "geometric" means that, following the Grothendieck "sheaf-function" correspondence 
principle, one replaces the space of functions on the set of F,-points of a scheme by the cat- 
egory of ?-adic complexes (or perverse sheaves) on this scheme (or on its base change to an 
algebraically closed field). 
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In this and subsequent paper we extend the geometric Satake isomorphism to a description 
of various categories of ^-adic sheaves on 'Si in terms of G' . These results have found several ap- 
plications to representation theory: to cells in affine Weyl groups and bases in the Grothendieck 
groups of equivariant coherent sheaves [B3J; to cohomology of tilting modules over quantum 
groups at a root of unity |B4] : and also to Lusztig's conjectures on nonrestricted representa- 
tions of modular representations of (in preparation, see announcement in [B5| ). We also 
think that they are closely related to some aspects of the recent work [GW| which discusses 
tamely ramified geometric Langlands duality from the point of view of Yang-Mills theory. 

The possibility to realize the afhne Hecke algebra iJ and the "anti-spherical" module over 
it as Grothendieck groups of (equivariant) coherent sheaves on varieties related to G" plays a 
crucial role in the proof of classification of irreducible representations of i7, which a particular 
case of the local Langlands conjecture, [KL] . see also |CG| . Thus one may hope that the 
"categorification" of these realizations proposed here can contribute to the geometric Langlands 
program. Let us point out that existence of (some variant of) such a categorification was 
proposed as a conjecture by V. Ginzburg (see Introduction to |CGj ). 

1.1.1. Let us now describe some known statements about spaces of functions on G{F), whose 
geometric counterparts will be provided in the paper. 

Set k — Fpn, and let H ~ C[I\G{F) / 1] be the Iwahori-Matsumoto Hecke algebra. Let be 
the standard basis of H; here w runs over the extended affine Weyl group W. Let A C W he 
the coweight lattice of G, and C A be the semigroup of dominant coweights. Let A C H he 
the commutative subalgebra generated by the elements Tx, A e A+ and their inverses (see e.g. 
|L0| . beginning of §7). Thus A has a basis 6\, A e A, where 9\ are defined by the conditions 
0^ = q-^W/^Tx for A e A+, Ox+t. = Ox ■ 9^. 

Recall that the anti- spherical (righlQ) module Masp over H is defined as the induction from 
the sign representation of the finite Hecke algebra Hf C H. One can also describe Masp as 
follows. Let Cw be the Kazhdan Lusztig basis of H; let Wf C be the finite Weyl group, 
and -^W C W, ^W^ <ZW he the set of minimal length representatives of, respectively, left and 
two-sided cosets of Wf in W . Then 

(1) Masp=H/{C^ , w(^f W). 

Notice that Masp is free of rank 1 over the subalgebra A. 

Another important realization of Masp is in terms of the Whittaker model. Let C G be a 
maximal unipotent, and ^' : N{F) C be a generic character. Then 

(2) Masp^iind%\l\i^)y; 

here the right hand side is identified with the space of Whittaker functions on G{F)/I. 

The group N{F) is not compact; because of this there is no straightforward definition of 
the category of Whittaker sheaves on Si (the geometric counterpart of the right hand side of 
(HI)). Following [FGV| one can provide such a definition using Drinfeld's compactification of 
the moduli space of S-bundles on a curve. However, the following technically simpler (though 
probably less suited for generalizations) approach suffices for our purposes. 

Let /„ C G{F) be the pro-p radical of an Iwahori subgroup, and V : -^u ^ C be a generic 
character (the definition is recalled below). Then one can use Lemma [2] below to show that 

(3) Masp=(ind'^f\^))' ■ 

has a canonical anti-involution coming from the map g i— > , g S G{F); thus the categories of left and 
right modules are canonically identified. We define Masp as a right H-module to make some notations more 
natural: Masp is realized in the space of functions on G{F)/I where H acts naturally on the right. 
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and moreover, the arising isomorphism between the right hand sides of ^ and ^ is compatible 
with the standard bases consisting of functions supported on one two-sided coset. 

We call the right hand side of ^ the Iwahori-Whittaker module. It is easy to define the 
category of Iwahori-Whittaker sheaves on 3^£. It can probably be shown to be equivalent to the 
category of Whittaker sheaves on 3^£ (where the latter is defined following [FGV]); this is not 
pursued in this paper (see, however. Theorem [9] below) . 

The methods of this paper can be used also to describe in a similar fashion geometric coun- 
terparts of the algebra H; this will be addressed in a future publication (see announcement in 

[El]). 

Below we will define a triangulated monoidal category D{A) which is a geometric counterpart 
of the commutative algebra A; and abelian categories f'?, Tjw which are geometric counterparts 
of the right hand sides of ([1]), (l3|) respectively; we will then describe D{A), and the derived 
categories D^{^'J'), D'^ (Tjvj) , in terms of the Langlands dual group. 

1.1.2. We now recall the realizations of H, A, Masp in terms of G', whose categorical coun- 
terparts will be given below. 

Let g' be the Lie algebra of G". Let 25 = G'/B' be the flag variety; Jsf be the nilpotent cone 
of 0", and pspr ■ ^ — T*{G~/B') ^ N be the Springer map. Let St = 'N Xj^ l^ he the Steinberg 
variety of triples. 

For a scheme X equipped with an action of an algebraic group H we will let Goh^ {X) be the 
category of i7-equivariant coherent sheaves; we will write (X), or D{X) if the group is un- 
ambiguous, for the bounded derived category D^{Goh^ {X)). We will denote the Grothendieck 
group of cither abelian or triangulated category 6 by K{Q). 

Let H be the affine Hecke algebra of G. Thus H is an algebra over Z[i;,i;~^], and H = 
H ®z[t;,ti-i] C, where the map Z[w,w"^] — > C sends v to g^/^. One can define a subalgebra 
A C H, and a module Masp such that ^ = A (^z[v,v-^] C, Masp — Masp '^z[v,v-^] C 

Then we have an isomorphism (see e.g. |CG| or [L2j ) 

K{D'^''"^'-iSt)); 

where the algebra structure on the right hand side is provided by convolution. Moreover, un- 
der this isomorphism the subalgebra A is identified with the image of 6* : K{D^ ><''5m (3\J')) — > 
K{D'^ ^'^'"{St)), where S : ^ St is the diagonal embedding; notice that (5* is a homomor- 

phism where the algebra structure on K{D^''^^'"{'N)) is defined by [9] ■ [9] = [9^)0 S]. The 
module Uasp is identified with the K{D'^'''^'"{St)) module K{D'^'''^'"{'N)). 

1.1.3. Informal summary. Our method relies heavily on [G] which provides a categorical coun- 
terpart of the description of the center Z{H) of the affine Hecke algebra H. According to a well 
known result of Bernstein [LOJ we have Z{H) = Hsph, thus by Satake isomorphism we have 
Z{H) ^ K{Rep[G')). In [G] Gaitsgory uses geometric Satake isomorphism and nearby cycles 
functor to define a central functor Z from Rep{G~) to Di{J'i) (the notion of a central functor 
is recalled below). 

The present paper can be informally summarized as follows. We upgrade Gaitsgory's functor 
Z to a functor from D*^ 0^), which is then shown to induce an equivalence with the Iwahori- 
Whittaker category, by linking various ingredients in the definition of D'~^ (N) to relevant struc- 
tures on the perverse sheaves side. To make this more precise recall that — {{b,x) \ b G 
23, X G rad{b)}, where S is identified with the set of Borel subalgebras in q' and rad stands 
for the nilpotent radical. We show that, in the appropriate formal sense, the tensor functor 
from Rep{G~) to Dj{3'£) corresponds to the fact that in the dual side we deal with the category 
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of G~ equivariant coherent sheaves on some algebraic variety. The element x G g' in the de- 
scription of !N arises from the logarithm of monodromy acting on the nearby cycles sheaf Z(T^), 
V S Rep{G') by Tannakian formalism. Finally, the "flag" b £ "B corresponds to a filtration 
on Z{V), V £ Rep{G~) by Wakimoto sheaves, see Theorem 21 Wakimoto sheaves categorify 
elements 9\ E A C H, and Theorem [His a categorification of the fact that Z{H) C A, thus an 
element in Z{H) is a linear combination of 0\, A G A. On the other hand, Thcorcm[l]is equiv- 
alent to the computation of cohomology of the so-called semi-infinite orbits with coefficients in 
these sheaves, and is closely related to Mirkovic and Vilonen's computation of corresponding 
cohomology for spherical sheaves; see section [3.61 for further comments. 

We finish the introduction by pointing out another result on the structure of central sheaves 
of [G], Theorem [7] proved below. It says that the objects of the Iwahori-Whittaker category 
cooked out of central sheaves are tilting. This result is inspired by the "Koszul duality" yoga of 
[BGSj . see Remark [El 

Finally, let us make a standard remark that all the results and proofs of the paper work in 
the alternative setup where the finite characteristic base field k is replaced by C, the field of 
coefficients Q; is also replaced by C, and the category of ^-adic constructible sheaves by the 
category of i'-modules (in the part of the paper where neither Artin-Schreier sheaf, nor weights 
are used one can work with constructible sheaves in the classical topology). 

1.2. More notations. From now on we fix fc = Fp. 

The convolution diagram will be written as S^ly-^t — > "Jt. If A" C "Ji, Y C J'i are subschemes, 

I 

and F is I invariant, then we get a subscheme X x Y C J't x Jg. For J e D{3^£), 9 e Dj{3^£) 

we get an object Kl S (twisted product) of the category of /-adic complexes on 3^£ x 3^£. 

I I 

Let K : he the bijection such that k{X) e Wf ■ A. 

All derived categories below will be bounded derived categories, notation D will be used 
instead of a more traditional D^, unless stated otherwise. 
We now describe the results of the paper. 

1.3. The monoidal functor. If X is smooth, then D{X) is a tensor category under the 
(derived) tensor product of coherent sheaves. The first result of the paper (see section is 
construction of a monoidal functor 

(4) D^'{'N)-^Di. 

In fact we will do a little bit more. We will define (in section [3. 6. 5p a full subcategory A C 
which will turn out to be closed under convolution. Then the homotopy category Hot {A), of 
finite complexes of objects in A inherits a monoidal structure. Further, let D{A) denote the 
quotient of the triangulated category Hot{A) by the subcategory of acyclic complexes. Then 
D{A) is also a monoidal category. We have the obvious functor D{A) — > /?''(?/). 
We will construct a monoidal functor 

(5) F : D^' (1^) ^ D{A) 

One can use the argument of [B], 1.3 to define a natural functor D^{'J'i) Dj; thus we can 
define ^ as the composition D'~^ (N) — * D{A) D''{'J'j) Dj. It is then easy to see that it 
comes with a natural monoidal structure. 

Below we will not use dH) , only ([5]) . 
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1.4. Compatibility with Frobenius. Let q : K — > Jsf be the map sendmg a pair (6, x) fE^i C 
® X g" to {b, qx). 

Let also Fr = Fvq be the geometric Frobenius; recall that for a (ind)scheme X over F,, Fr 
induces an autoequivalence of the (derived) category of ?-adic sheaves on , X i-^ Fr*{X), 
see [D]. 

Proposition 1. There exists a natural isomorphism of functors 

(6) Fr* oF = Foq* 

Remark 1. Let the multiplicative group Gm act on 3Nf by f : {b,x) i— s- {b,t~'^x). Then for 
J, S G D'^ xGm^j^-j ^]^g vector space Hom^G-(^j^^{3^,9) carries an action of Gm, hence a grad- 
ing. The Proposition provides isomorphisms Fr*{F{3^)) = J", Fr*{F{S)) = 5; the map 
HomjjG' (^j^^-^i^^, S) — > Homi:,(^^f^){F{'J),F{9)) carries the degree n component into a subspace 
where Frobenius acts with weight n. 

It follows that the equivalences Fj-w defined below also satisfy this property. 

Remark 2. In fact, a slight modification of our argument provides a monoidal functor from 
j^G xGm|-^-j -(.jjg (jgj-ived category of mixed Z-adic sheaves on J'fF, ■ We expect that it induces 

an equivalence between D^"^'^"^{yi) and Di^Tf"), Drp^ , where Di^ff"), D^p^ are mixed 
versions of the categories D{i7), Djw in the sense of [BGSj . (We warn the reader that the mixed 
category is not the category of all mixed sheaves with an appropriate equivariance condition; 
a necessary condition for a perverse sheaf to lie in the mixed category is that its associated 
graded with respect to the weight filtration is semis imple0 cf [BG5] . 4.4). 

1.5. Anti-spherical quotient category. Recall that I orbits on (the so-called Schubert 
cells) are parameterized by W; lor w € W let jw ■ 3^f-w be the embedding of the 
corresponding Schubert cell. We let Lw = jw\*{Qi[i{w)]), w & W he the irreducible objects of 
7 J, and jtui — jw<.{Qi[£{w)]), jw* = jw*{Qi[('{w)]) be the standard and costandard objects. For 
an abelian category A, and a set S of irreducible objects of A let (S) denote the full abelian 
subcategory of objects obtained from elements of S by extensions. Define the Serre quotient 
category of by 

f7i = 7i/{L^ I w^^W). 
Let prf : ^Tj be the projection functor. 

Theorem 1. The functor := pr j o F is an equivalence 

(7) ^'S> : D'^'{'N)^D{fj'i). 

1.6. Iwahori-Whittaker category. Let B — T-N, _B_ = T-N_ be opposite Borel subgroups, 
and assume that I, I_ C Go, I D Bo, I- 3 Bq for Iwahori group schemes I, I^. Let C 
be the pro-unipotent radical. 

Let also Np C Gf be the group ind-schcme, Np(fc) = N^{F). For a simple root a let 
Ua : Np — *■ Ga be the corresponding homomorphism. We define : Np Gq by ^'(n) = 
i?es(f EwaW)- We also define : I- ^ by ^Piig-g^°) = ^{g') for g- e I" nNp, 
G I~ nBp. Let Dj-w, be, respectively, the I" , ■(/'-equivariant derived category of Z-adic 
sheaves on CF£, and the subcategory of perverse sheaves therein. Since the group scheme I" 
is pro-unipotent, it follows that the forgetful functor Dj-w to D{J'£) is a full embedding, thus 
Djv} C D{^i), Tjw C ^(J^) are fuU subcategories. 

Let us mention the following 



'We thank V. Ginzburg for pointing out this difficulty to us. 
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Lemma 1. We have a natural equivalence 

Proof is parallel to that of Lemma 4.4.6, and Corollary 3.3.2 in |BGS| . □ 
We have an injection W ^ S'i, w ^ wl; for each one of the (ind) group schemes Np, I" , I 
the image of this map is a set of representatives for the orbits of the group on 3^£. For w € W let 
'S'P" (respectively, E^,) be the corresponding orbit of I" (respectively, Np), and ■ "Jt" ^ ^f-, 
iw ■ ^ be the embeddings. 

The proof of the next Lemma is left to the reader. 

Lemma 2. a) For w € W the following are equivalent 
i) w W. 

a) Stabi-{wT) C Ker{ipi). 
Hi) Stah-^-iwl) C Kerl^). 

F 

h) For w satisfying the equivalent conditions in (a) the iT -orbit JP" is contained in one 
IS! p -orbit. □ 

If w G then there exist unique maps tp^^ : Ga, 'i'w '■ '^w ^ defined by 

ijj^oig ■ wl) = V(3), *«;(« ■ w1) = *(")• Define A„, V,„ £ Tjw by = i^!V';(A§)[£(w)], 
= iw*i'w{^^)[^{^)] where AS in the Artin-Schreier sheaf. 
Define the functor Av^^, : Dj — > Dj^i, by J i-^ Aq * J. 

Theorem 2. The functor Auif jy^ induces an equivalence •''CP/^^^J'j-w. 

Define the functor Fjw : D'^' (N) D''{T3w) = Djw by ? Av^ o F{J). 
In view of Theorem [5] and Lemma [TJ Theorem [T] is equivalent to the following 

Theorem 3. The functor Fjv^ provides an equivalence D'^ [Ji) = -Djw- 

2. Comparison of anti-spherical and Whittaker categories 

In this section we will prove a result in the direction of Theorem[21 The proof of the Theorem 
will be finished in section 14.51 after the proof of Theorem [3l 

Proposition 2. a) We have 

thus Av^iIjij induces an exact functor CP/ — > CPj-w. This functor factors through ■'^T/. 

b) The functor -^Vj T^w induced by Av^^J is a full embedding. 

Set Se 

^ je* — je\ where e 6 is the identity element. 
Let W' C be the subgroup generated by simple reflections (non-extended affine Weyl 
group). Thus y 3'iw is a connected component of 3^£. 

Lemma 3. a) For w G W' we have nonzero morphisms 

whose (co)kernel does not contain 6e in its Jordan-Hoelder series. 
b)Ifw = wiW2 GW, W2 € W' and £{w) = £{wi) -\- £{w2) then 

dim Hom{j^^<,ji^<) = 1 = dim Hom{jnj*Jwt*); 

and a nonzero map ^ jw\ (respectively, jw* ^ jwi*) is injective (respectively, surjective). 
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Proof. We prove the statements concerning the ones concerning j^,* are obtained by 
duality. 

For a simple reflection Sa € W we have an exact sequence of perverse sheaves on the projec- 
tive line 3^£sc 

(8) Q^Se^ is\ ^ is ^ 0. 

If u G is such that i{u ■ Sa) > i{u) consider the convolution of j„! with ([8]); it is an exact 
triangle 

(9) ju\ ju-s\ ju\ * Ls^. 

Notice that ju\ *Ls — 7r*7rQ*(j„!)[l], where iTa ^ S'£{a) is the projection to the partial afhne 
flag variety 5'£(a) — Gp /!« for the minimal parahoric corresponding to a. Since tt^ o j„ is 
a locally closed afline embedding (because £{u ■ Sa) > £{u)), we see that tTq^Q'^i), and hence 
TT^TTa* are perverse sheaves. Thus the exact triangle ^ is in fact an exact sequence of 

perverse sheaves. Also all irreducible subquotients of ju\ * Ls^ a-re of the form tt* for a 

perverse sheaf L on 5'£(a); thus none of them is isomorphic to S^- This implies (a) by induction 
in £{w). 

Since jw2'. is invertible under convolution (see Lemma [8^b) below) we have 

thus the first statement in (b) follows from (a). Finally, the exact sequence ([9|) implies by 
induction in £{102) existence of an injective map —>■ jw\- □ 

Lemma 4. a) We have 

Av^{L^) = <^ w W. 

b) We have Ae ^ Vg. 

c) For w — Wf ■ w' , Wf € Wf, w' G we have 

Proof, li w E ^ W, then the convolution map J'£ x 3'£ 'S£ restricted to the generic point 

I 

of the support of Aq H is an isomorphism. Hence Aq * 7^ for w e . On the other 

hand, for w there exists a simple root a 7^ ao such that is equivariant with respect 
to the corresponding minimal parahoric subgroup Iq. (here ag denotes the afline simple root). 
Then the functor if 1— > ^ * factors through the functor tTq* (recall that tTq : — > 'S£{pL) is 
the projection to the corresponding partial affinc flag variety). However, 7rQ,*(Ao) = because 
the character i/)/ is nontrivial on Stab^- (x) for any x in the image of the support of Ag under 
tTq. This proves (a). 

(b) is clear because V'/ is nontrivial on Stabj- (x) for any x G J'£'^ — J'£^ . 

In view of (b) it suffices to prove the first equality in (c); the second one then follows by 
duality. The equality is clear when w £ -^W, because in this case the convolution map restricted 
to the support of Aq ^ jw\ is an isomorphism over 3^£ , while the * restriction of ^ jw] 

to 

the preimage of the complement of 3^£" is zero. Let now w be arbitrary; we have w = Wf ■ w' 
for some Wf E VF/, w' e , where £{w) — £{wf) + £{w'). Then Lcmma[3]and part (a) of this 
Lemma imply that Ag * = Ag * Se ^ Ag. Thus we have 

Ae * jw\ = Ae * * = A^/. □ 

For an algebraic group H and a subgroup H' C H (or more generally, for group schemes of 
possibly infinite type, such that the quotient H/H' is of finite type) let r|f, be the * induction 
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functor from iJ'-equivariant to iJ-equivariant sheaves; recall that it is defined by r||, = 
a,(Q/ 3^), where a : H x h' X ^ X is the action map (cf [BLj ). 
Define the functor Avi : Djw Di by Avi — ■ 

Lemma 5. We have H^''^ (Avi {Ao)[£{wo)]) = jwa\, where wq G Wf is the longest element, and 
superscript p refers to the t-structure of perverse sheaves. 

Proof. It suffices to construct an exact triangle 

-> A«/(Ao)[^(w;o)] -^C 

such that C E D'p-^'^ . The definition oi Avi implies that 

HomDAX^AviiA^mw^)]) = HomD{Forg{X),{/^omw^)]), 

where D is the derived category of Z-adic sheaves on 'Jl, and Forg : Dj — > D is the forgetful 
functor (notice that i'lpj- is a full subcategory in D because I n I~ is unipotent). The proof 
of Lemma HJ^a) shows that 

(10) Hom*{L^,Ao)^0 

for w G Wf, w ^ e (and more generally for w ^ ^W^). Also it is clear that 

HomDj{Se:AviiAoMwo)])^Qi- 

Now Lemma implies that 

HomDA3w\, Avi{AoMwq)]) ^Qi 

for w G Wf. Moreover, the composition of nonzero arrows 

jwi. iw'\ Avi{Aq)[1{wq)] 

is nonzero, because the composition (5e — > jw\ — > Ju,m is nonzero by [3fb). Hence, if C = 
cone{jjjjg\ —>■ Avj{Aq)[£{wo)]), then using again Lemma [3I^b) we see that for all w G Wf 

Hom{j^uC[i]) = 

for i < 0, which implies that C G according to the definition of perverse t-structure. □ 

Remark 3. A slightly different proof of the Lemma can be given as follows. It is not hard 
to describe Aw/^(Ao), where I„ C I is the pro-unipotent radical (details will appear in |BM] ). 
This is obviously an object in the category of I„ equivariant sheaves supported on G / B C Jt, 
which is identified with category O for G. Then Avi^{Aq) = S[£(wo)], where S is the maximal 
projective in category O (a projective cover of the irreducible Verma module). Lemma [5] can 
then be deduced from the fact that the subobject j^^j^i C S is the maximal B-equivariant 
subobject in the B-monodromic object S. 

2.0.1. Right inverse to Av^l,. To prove Proposition [2] we will explicitly construct a right inverse 
functor to Av^^, . Namely, define F' : Tjw ■^T'l by 

F'{9)^prf{HP'^'^^»\Avii3'))). 

To motivate this definition we remark that one can easily show that F' is right adjoint to Auip 
(we neither check, nor use this fact below). 

Lemma 6. There exists a canonical isomorphism F' o Avq, = id. 



'This Remark is included here following the referee's suggestion. 
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Proof. For w G Wf the functor from Di to ^ Di sending to prf{Lw * 3^) is zero ii w ^ 
e and is isomorphic to prf otherwise. Hence the convohition functor descends to a functor 
■^iPj X ^T/ f"?! exact in each variable; here ■''J'j denotes the Serre quotient category of I- 
equivariant perverse sheaves on Go/I C 3"^ by the subcategory generated by L^,, w ^ e. In 
particular, for ? e CP/ we have 

F' o Av^iprfiJ)) - prf o i7P'0(At;,(Ao[^(wo)]) * 7) = pvf o H^'^j^,, * 7) - pr/(J), 
where the last isomorphism follows from Lemma [3fa), and the previous one from Lemma [5] □ 

2.0. 2. Proof of Proposition\^conclusion). For a triangulated category D and a set of objects 
§ C Oh{D) we let (§) be the set of all objects obtained from elements of § by extensions; i.e. 
(§) is the smallest subset of D containing S U {0} and such that for all A,B ^ (S) and an exact 
triangle A ^ C B ^ A[l\ we have C G S. 

The definition of perverse i-structure implies that 

06(T/) = O'^iW I i > 0} n 0'„4i] M < 0); 
O^J'aw) - (A„H I z > 0) n (v^H I « < 0). 
Thus the first statement in Proposition [21^ a) follows from Lemma Sfc). The second one is 
immediate from part (a) of that Lemma. Part (a) of the Proposition is proved. 

We also see that F{Lu,) is irreducible for w G ^W, because it is the image of a nonzero 
map Vu,; it is clear that F{L^) ^ F{Lwi) for w ^ w' , w,w' G ^W, because they have 

different supports. 

Thus the Proposition follows from Lemma [6] and the following Lemma. □ 

Lemma 7. Let F : A ^ 'B he an additive functor between ahelian categories. Assume that 

i) F is exact. 

ii) Every object of A has finite length, and F induces an isomorphism Hom{Li, L2)----^Hom{F{Li), F{L2)) 
for any irreducible objects Li,L2 of A. 

Hi) There exists an additive functor F' : "B ^ A such that F' o F id. 
Then F is a full embedding. 

Proof. Conditions (i) and (iii) imply that F is injective on Ext^ . Indeed, lei Q X -^Y ^ 
Z ^ be a short exact sequence in A. If F{Y) = F{X) © F{Z) is the splitting of its image 
under F, then applying F' to it we see that the original sequence is split. 

Now induction in the lengths of X,Y shows that F induces an isomorphism Hom{X,Y) 
Hom{F{X),F{Y)) for any two objects X,Y G A. a 

3. Construction of the monoidal functor F 

3.1. Plan of the construction. We will use a version of Serre's description of Coft.(P") as 
a quotient of the category of graded modules over the symmetric algebra. We need some 
notations. 

Let 'N be the preimage of IN' C 25 x g" in G~/U~ x g~. Thus Jsf is a locally closed subscheme 
in the affine variety G'/U' x g~; here U' C G" is a maximal unipotent, and G'/U' is the affine 
closure of the basic affine space G~/U~. We now define a closed (obviously affine) subscheme 

y^af C G'/U' X Q~ containing 'N as an open subscheme (though different from the closure 

of in G'/U' X q). On G'/U' x q we have a canonical vector field Vtaut whose value at 
a point (p, x) equals (a(a;),0) where a stands for the action of the Lie algebra q~ on G'/U'. 

The vector field Vtaut induces a derivation of Oc/t/'xg'; '^s let Jiaf be the zero-set of this 

derivation (i.e. the defining ideal of J^af is generated by the image of the derivation). It is clear 
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that yiaf n {G'/U' X g') = 3Nf. We set 0^^- — 0^ , and call this ring the multi-homogeneous 

coordinate ring of J^. For a scheme S equipped with an action of an algebraic group H we 
write CohJ^{S) (or — modj^ is S — Spec{0)) for the full subcategory in Coh^{S) consisting 
of objects of the form V ®Qsi V ^ Rep{H). 

We now describe the plan of the construction. The first piece of data is a monoidal functor 
F : Rep{G~ x T~) (i.e. a monoidal functor to Di landing in T/); the main ingredient is 

provided by [G] . 

We then explain that a certain natural endomorphism of this action (also defined in [G] ) 
yields an extension of F to a monoidal functor F : Coh'^^^^ [G'/U' x g") T/. For this 
we describe in section 13.31 certain distinguished arrows in Cohf^'"'^' {G^ /U^)] and also arrows 

between objects F{V), V G Rep{G~ x T~). We will then require the functor F to intertwine 
the two sets of arrows. Some formalism described in section 13.41 shows that this requirement 
defines F uniquely (part of the argument is a variation of the standard description of elements 
in a Lie algebra as tensor endomorphisms of a fiber functor). 

Then F is constructed; it yields a functor (again denoted by F) from Hot{Coh'j^^'^ O^af)) 

to HotCPi), where Hot stands for the homotopy category. Let Acycl C Hot{Coh^^^^ (^a/)) 
be the full subcategory of such complexes J'* that 3^*|^ is acyclic. In section [5761 we prove 
certain facts about the central sheaves of [G] , and deduce from it that F sends Acycl to acyclic 
complexes. Hence F factors to a functor (N) D^CPj) Dj. 



3.2. Central and Wakimoto sheaves: definition of the functor F. Recall the functor 
Z : TGo(Sr) -^Ti cDi constructed in GJ. 

We identify J'Go(St) with Rep{G') by means of the geometric Satake equivalence S : 
Rep{G-) ^ TGo(Sr). We set Vx = S-\ICx) where IGx = jxu (1I[^(A)]), and ]x : 9xx Sr 
is the embedding of the image of 3^ix under the projection n : ^ Sr; thus Vx is a 
representation with highest weight A. Notice that the convolution map supp{ICx IC^) 

Go 

supp{IGx * ICfi) — S^x+fj. is an isomorphism over S^A+p! hence we have 

Jl+^IC'x^ /C^)-Q;[£(A + a.)] 

canonically. Thus we get a canonical element mx ^ in the one dimensional vector space 
Hom{ICx*IC^,ICx+^,). 
We also set Zx = Z{Vx). 

The functor Z is monoidal, and moreover central; the latter means that for every V € Rep{G') 
and 3^ € Dj there is a fixed "centrality" isomorphism av.s- ■ Z{V) * 3" = * Z{V) satisfying 
some natural compatibilities (spelled out e.g. in [Blj . §2.1, and checked in [G] and Gaitsgory's 
Appendix to [Blj ). Notice that a central functor from a tensor category ^4 to a monoidal 
category C is the same as a tensor (compatible with braiding) functor from A to the center of 
e (see e.g. [Ki], Xin.4). 

Recall that = jwiiOii^iw)])), jn,* = jw*iQi[iiw)]); and Se = je\ = je* is the unit object 
of Dj (here e is the unit element of W). The following statement is well-known. 

Lemma 8. a) Ifwi,W2 G W are such that £{wiW2) — i{wi) + £{w2) then we have a canonical 
isomorphism 

(11) jw\^ * Ju!2* — jw-iW'z*' 
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// wi,W2, W3 are such that 

£(wiii;2W3) = f'iwi) + i{w2) + f-iws) 

then the two isomorphisms between jy^-^,, * jw2* * 3w3* 0,'nd j^-^^w^^^^, arising from coincide, 
b) jw* is an invertible object of the monoidal category Dj. More precisely, we have 

jw* * jw-^\ = Se = jw-^\ * jw*- □ 

Corollary 1. a) The map X i— > ja* for A G A+ extends naturally to a monoidal functor 
Rep{T) Di. 

b) The map V ® {X) ^ Z(T^) * ja* for V £ Rep{G'), A e A+ C Rep{T') extends naturally to 
a monoidal functor F : Rep{G' x T") Dj. 

Proof. The length function on W is additive on the subsemigroup A+, thus Lemma [S]apphes 
to wi,W2,W3 G A+, and imphes statement (a). Then (b) foUows from the central property of 
the functor Z, which yields a commutativity isomorphism Z{V) * ja* == j\* * satisfying 
the pentagon identity. □ 

We denote the image of A under the functor defined in the Corollary by Ja. It follows from 
the definition that Ja — jw for A G — A+, Ja = j\* for A G A+, and Ja+^ = Ja * J^- 

Following Mirkovic we call Ja the Wakinioto sheaves. Theorem [5] below asserts that Ja are 
actually objects of the ahelian category T/ (a'priori they are defined as objects of the triangulated 
category £>/). 

3.3. Monodromy and "highest weight" arrows: characterization of the functor F. 

3.3.1. Arrows between perverse sheaves. Recall that the monoidal functor Z comes equipped 
with a tensor endomorphism M — {My = "^ziv) G End{Z{V))} defined by the logarithm of 
monodromy (see [GJ, Theorem 2; wc fix and use an isomorphism Q; — Q;(l))- 

We also define an arrow b\:Zx^j\^,,\E A+. The definition is clear from the next 

Lemma 9. For all A G A+ the Schubert cell is open in the support of Z\; and we have a 
canonical isomorphism 

(12) jliZx) 9^m£{X)]. 

Proof. Recall that tt denotes the projection 5"^ Sr. It is immediate to see from the 
definition of the functor Z (see [G], 2.2.3) that the support of Zx is contained in the preimage 
under tt of the closure of the Schubert cell S^a ; and also that its dimension equals dim StA = 
dmi{3^£\). Thus it can not contain 3^£u, for vu )^ X. It contains 3^£\, and we have the canonical 
isomorphism lfT2)) . because the support of -K^i^Zx) = ICx contains StA, and ICx\sxx = Q;[^('^)]- 
□ 

3.3.2. Arrows between coherent sheaves. First, consider the variety g" equipped with the adjoint 
action. Then every carries a canonical endomorphism, such that the induced 
endomorphism of the fiber at a point a; G g' coincides with the action of a; G Stabg-{x) coming 
from the equivariant structure; we denote this endomorphism by A^^°"*, and abbreviate iVy°"' = 

ATtaut 



Next, consider the basic affine space G~/U~, and its affine closure G'/U". We fix an isomor- 
phism between the ring of regular functions on G' /U~ and the ring ^ Vx with multiplication 

A+ 

given by ® toa,^ (see section 13.21 for notation). Then for A G A+ we get a morphisni in 

A,// 

Co/i^;^^"(G7cr): 

Bx:Vx®0^ Ox. 
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Proposition 3. There exists a unique extension of F to a monoidal functor F : Coh'j^ ^'^ O^af) ' 
T/ such that FiN^""*) = Mz(v), F{Bx) = bA. 

The proof of the Proposition will be given at the end of the next section after some general 
nonsense preparation. 

Remark 4. One can show that any arrow in Coh'j^^{'Naf) can be obtained from the arrows B\, 
Nv and identity arrows by taking tensor products and direct summands. This implies the 
uniqueness statement in the Proposition. We will give a slightly different argument in the next 
section. 

The only geometric statement needed for the proof of Proposition [3] is the next 

Lemma 10. a) For X, fi £ A+ we have Hom(Zf^, J\) — unless A ^ /x. 
b) For A,/i G the following diagram is commutative 



1- 



where the lower horizontal isomorphism comes from Lemma\^a). 
c) We have h\ o M^^ = 0. 

Proof, a) As was said in the proof of the previous Lemma, the support of is contained 
in the preimage under tt of the closure of the Schubert cell Sr^. It is well known that y^\ is 
contained in this set iff A ^ /x. 

b) TT* induces an isomorphism of one dimensional vector spaces 

Hom{Zx , J A* ) ^Hom{IC\ ,jx*), 

where = Ja*(Q/[^(A)]. Thus it suffices to check that applying tt* to the above diagram 
we get a commutative one. This follows from the definition, and the canonical isomorphism 

n„ oZ = id-Pcio) ■ 

c) It suffices to see that 

jKMzJ e i^ndOKZA)) = 0, 

This follows from nilpotency of M^^ and Lemma IH] which shows that End{jl^{Zx)) is one 
dimensional. □ 

3.4. Tannakian and Drinfeld-Plucker formalism. Notice that the arrows B\ introduced 
in section [3.3.21 satisfv the so-called Plucker relations^ i.e. 

(13) Bx(^Bf, = Bx+f,o{mx^f,®ido). 

Lemma 11. Let A be a commutative algebra with a G~ action. 

a) Let N be a tensor endomorphism of the functor V ^ A ®V ; thus N is a collection of 
G' -invariant endomorphisms Ny G EndAiA>SiV), V G Rep{G'), functorial in V and such that 

for all Vi,V2 G Rep{G'). Then there exists a unique element G g" ® A, such that Ny 
coincides with the action of x in A. 

Also, there is a unique G'-equivariant homomorphism 4> : Og- A such that Ny = 
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b) Assume that A is equipped with a A grading compatible with the G' action (in other words, 
an action of T~ commuting with the G~ action is given); and suppose that for every A G A+ we 
are given a G'-equivariant morphism bx : V\ (i) A —>■ A{X) satisfying the Plucker relations (I13p 
(with B\ replaced by bx, and replaced by A). Then there exists a unique G~ x T'-equivariant 

homomorphism (p : 0{G'/U') — 0{G'/U') — > A such that bx — (j)t:{Bx)'=idA ^o^- Bx- 

c) Let A^bx be as in (b), and N be as in (a). Assume that 

(14) bxoNv,=0 

for all A. Then the homomorphism 0{G'/U' x g") —>■ A provided by (a,b) factors through 0^. 
Proof. The first statement in (a) is well-known. 

The second statement in (a) is a restatement of the first one. More precisely, a homomorphism 
Og- — *■ A is specified by an element of Hom{{Q')*,A) = q' ® A, and it is straightforward to 
see that x ^ q' ® A satisfies the conditions of the first statement in (a) iff the corresponding 
homomorphism Og- — > A satisfies the conditions of the second one. 

To check (b) recall that ©(G'/C/") = Vx- Then the requirement on (j) is equivalent to 

A+ 

(15) (kWx = bxW^m- 

Thus uniqueness of (p is clear. The Plucker relations ensure that the map : 0{G' /U') A 
defined by (jlSp is indeed a homomorphism, which shows existence. 

(c) is immediate from the definition of J^af- □ 

Proposition 4. Let C be an additive monoidal category. 

a) Let F : Rep{G~) G be a monoidal functor. 

Let N — {Nv} be a tensor endomorphism of F, such that the image under F of the com- 
mutativity isomorphism in Rep{G') is functorial with respect to N . Then there exists a unique 
extension of F to a monoidal functor F : Goh'j^{Q) C such that Ny ~ F{Ny'^*) for all 
V € Rep(G~) (here G~ acts on q' by the adjoint action). 

b) Let F : G~ X T' ^ Q be a monoidal functor. Suppose that for each A G we are given 
transformations hx ■ F{X) L^iVx) satisfying the Plucker relations, i.e. such that 

bA ® = hx+f, o F(mA,^). 

Assume that the image of the commutativity isomorphism under F is functorial with respect 
to hx. Then there exists a unique extension of F to a monoidal functor F : Goh^^ ^'^ [G'/U') 

e such that hx = F{Bx). 

c) Let F, hx be as in (b), and N e End{F\jiep^Q-)) be as in (a). Assume that 

(16) bA oNv.^O 

for all A. Then (a,b) provide an extension of F to a monoidal functor Goh^^ ^'^ {G'/U' x g") —>■ 
C, which factors through Oy^^ — mod'^^^^ . 

Proof. Let H stand for G' if we are in the situation of (a), and for G' x T' if we are in the 
situation of either (b) or (c). 

First we claim that without loss of generality we can assume that C is a tensor category, and 
F is a tensor functor. More precisely, we claim that it is possible to factor F as a composition 
F = F" oF', where F' is a tensor functor from Rep{H) to a tensor category C, and F" : C ^ C 
is a monoidal functor; moreover, in the situation of (a) there exists a tensor endomorphism N' 
of F' satisfying the conditions of (a), and such that N — F"{N'); and similarly for (b) and (c). 
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Namely, we can define C as follows. We set 06(6') = Ob{Rep{H)), and Home'iV,W) C 
Home{F{V), F{W)) consists of such elements (j) that for all U G Rep{H) the diagram 

F[U)(^F{V) F{U)®F{W) 

F{V)®F{U) F{W)(^F{U) 

is commutative for all U £ Rep{H); here the vertical arrows are images under F of the com- 
mutativity isomorphism. The pentagon identity implies that C is indeed a tensor category; the 
definition of F' , F" , N' , is clear. So from now on we will assume that C, F are tensor. 

We will use underlined symbols to denote representations of H, and the corresponding un- 
adorned symbol will denote the underlying vector space. 

Let be the module of regular functions on H where H acts by left translations; thus is 
an ind-object of Rep{H), C) = ^ V* ^y_, where IrrRep{H) is a set of representatives 

VeIrrRep{H) 

for isomorphism classes of irreducible representations of H. Thus is a commutative ring 
ind-object in Rep{H). Set 

A = Home{le,F{Q))= V* ® Home{le, F{V))] 

V_eIrrRep{H) 

here (and below) we use the same notation for a functor on a category, and the induced functor 
on the category of ind-objects. Then A is an associative algebra equipped with an H action. 
Commutativity of and tensor property of F show that A is commutative; and the functor 
<1> : X I— > Home{l, X ® ^"(0)) is a tensor functor from the full image of _F to ^ — modj^. It is 
easy to see from the definitions that $ induces an isomorphism 

i/ome(le,F(0))=5A = i/om^_,„„^„ ($(le), $ (F(0))) . 

Since H is reductive, Rep{H) is semisimple, and every irreducible V_ e Rep{H) is a direct 
summand of 0; hence for all V_ we have an isomorphism induced by $ 

Home{le,F{V))^Homj,_„,,,Hp{le),^{F{V))) - i/om^_,„„,« (^, 1/ ® ^). 

Since Rep{H) is rigid, we see that $ is a full embedding. Thus we can assume that 6 = A—mod^ 
for a commutative algebra with an ff-action, and F : y_ V ® A. In this case the statements 
of the Proposition reduce to that of Lemma [TT] □ 

3.4.1. Proof of Proposition \3l and definition of the functor F. The Proposition follows from 
Lemma [TOl in view of Proposition |4l 

We now extend F to the homotopy category Hot{Coh'^^^^ (Kq/)). 

3.5. Proof of Proposition [Jl We will construct an isomorphism 

Fr o F^F oq*- 

the claim about F follows (once we show that F exists). 

Uniqueness part of Proposition |4] shows that we will be done if we construct an isomorphism 
of monoidal functors 

(f): Fro F^F 

such that 

^ ' 0(Fr*(Mz(y)))=g-i-Mz(y). 
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An isomorphism cj) induces a structure of a Weil sheaf on J\, Z^, and it is clearly uniquely 
determined by this structure. For A G A+ we fix the Weil structure on J\ = ja* so that the 
resulting Weil sheaf is j \^,^^i[l{w)\{^^^) . We also require that the isomorphism Jx* Jfj, = Jx+p, 
lifts to an isomorphism of Weil sheaves; this fixes the Weil structure on J\ for all A. 

Let us now define the Weil sheaf which provides the desired isomorphism Fr*{Z\) = Z\. 
The functor Z : J'gq(Si:) is actually defined as a functor between the categories 

of Weil sheaves (if one fixes the splitting of the surjection Gal{¥q{{t))) Gal{¥q), cf. the 
footnote on p. 263 in [G]). Then Weil sheaf in question is defined to be Z^"'^ Z(/C]f'^*0 

where /Cf = jxu [mm'-^)) ■ 

These requirements clearly define the tensor isomorphism (j) uniquely. Verification of existence 
of (f) reduces to checking that the isomorphism 

(18) FroS^S, 

providing ICx with the Weil structure isomorphic to IC^^^^ is tensor; the rest then follows 
from Z being tensor. Existence of a tensor structure on psp will be clear if we show that the 
convolution /C]|^'^*' * IC^"^ is isomorphic to a direct sum of Weil sheaves IC'^"^ . We now 
prove this. 

Notice that Frobenius acts on the total cohomology H' {ICY'^^^) by a diagonalizable auto- 
morphism with eigenvalues g"/^, n e Z; this follows e.g. from |BGSj . §4.4. The functor of total 
cohomology on ycoCSt^) carries a tensor structure (see [M V' , 'BD]); the latter is readily seen to 
be compatible with the Frobenius action. Thus the action of Frobenius on H'{ICY'^^^ */C^'^*') 
is diagonalizable with eigenvalues g"/^. This implies the desired statement, because we know 
that IC\*ICfi = ©/Ci,, and the action of Frobenius on cohomology determines the isomorphism 
class of a Weil sheaf which is geometrically isomorphic to a direct sum of IC^, v G A+. 

It remains to check pT|) . The first equality in (|17p is clear from the definition. The second 
one follows from the fact that for an /-adic sheaf 'S the logarithm of monodromy on nearby 
cycles is a morphism of Weil sheaves ^(3^) 5'(5')(— 1). □ 

3.6. Filtration of central sheaves by Wakimoto sheaves. The property of central sheaves 
proved in this section is a geometric counterpart of Bernstein's description of the center Zh 
of the Iwahori-Matsumoto Hecke algebra 3i, which says that Zh = C[9\]^f; moreover, the 
map K{Rep{G~)) Zh sends the class of representation V to its character xv G fc[A] = k[9\\ 
(see e.g. }LOj . Theorem 8.1). Bernstein presentation for H (in particular, the elements 9\) can 
be easily described in terms of their action in the space of /-invariant vectors in the universal 
principal series representation Cc{G{F)/ {N{F) ■T{0)), and thus in terms of their integrals over 
A''(F)-orbits in G{F). Quite similarly, the property of central sheaves proved in this section is 
related to computation of compactly supported cohomology of their restrictions to NF-orbits. 

The next Theorem, which is the main result of this section, contains two close statements. 
Statement (a) will be used later; statement (b) is included for completeness. 

Recall that the Np-orbits on are parameterized by W; and i^, : 6^ ^ 3^£ denotes the 
embedding of an orbit. 

We fix a total ordering < on the group A compatible with the group structure and with the 
standard partial ordering (i.e. X>fiifX — fiisa sum of positive roots). 

Theorem 4. a) For V G Rep{G~) the sheaf Z{V) has a unique filtration indexed by (A, <) such 
that the associated graded gr^(Z{V)) = Z{V)<^/Z{V)^i, is of the form 



gr,{Z{V)) = J,®VFi 
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for some vector space Wy . The functor 

$ : y M/- = Hom{J,,gr,{Z{V)) 

is a tensor functor from Rep{G') to the category of A- graded vector spaces (obviously equiva- 
lent to Rep{T')). $ is isomorphic the restriction functor Rep{G') Rep{T~); in particular, 
dimWy equals the multiplicity of the weight v in V . 

b) The space vanishes unless w = v <E h, i — in which case we have 

where Wy is as in (a). 

Remark 5. The sheaf (g) Oj^ carries a fihration with subquotients being sums of hne bundles 
(this filtration is actually a pull-back of a filtration on ® Og'/B')- It will be clear from the 
construction of the functor F that the filtration of Theorem [D^a) is the image of this filtration 
under F. 

Remark 6. In |MV| Mirkovic and Vilonen prove a result similar to part (b) of the above 
Theorem; namely, they compute the compactly supported cohomology of N{F) orbits with 
coefficient in an irreducible object of J'go(S'^)- One can show that the two results are actually 
equivalent. 

The proof of the Theorem occupies the rest of this section. 

3.6.1. (a) implies (b). The last statement in the next Lemma yields the implication (a) (b). 

Lemma 12. For A G A, and X E Dj we have 

(19) H'it^.Jx * X) = H'(^^iXmX, 2p)]. 

In particular, H^{i:^^{Jx)) = unless w = \, i ^ ^(A), in which case it has dimension one. 

Proof. It is clear that if holds for Ai, A2 then it also holds for Ai — A2. Thus we can 
assume without loss of generality that A € A+. 

For WE ly let w be a representative of the coset w € Norm{T{0))/T{0), where Norm(T{0)) 
is the normalizer of T{0). It follows from the definitions that for X G Dj we have 

j^,*X^T\^^^^^,w,{Xmw)]. 

(Notations for the induction functor F were recalled before before Lemma [5] above.) It is clear 
that for A e A 

i7-(iUX(X)) = i/-(iUx)) 

since \{&w) — &x-w Also it is not difficult to check that for A S A"*" we have AIA^^ Din Bp. 
Then the triangular decomposition I = I n Np • I n Bp yields an isomorphism 

■pi _ r^'^'^F 

inAiA-i ~ inAiA-inNp' 

The induction functor V^, commutes with the ! restriction to an ff-invariant subvariety; when 
H , H' are unipotcnt it also does not change the total cohomology. Applying this observation 
to = I n Np, H' ~lr\ AIA^^ n Np and the subvariety Sai« C we get the statement. □ 
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3.6.2. Uniqueness of the filtration. Uniqueness of the filtration follows from the following 

Lemma 13. We have Hom'{J\, J^) = unless A ^ ji; and Hom'{J\, Jx) = Q;. 

Proof. Pick ly such that + X^v + ii G A+. Since the functor of convolution with is 
invertible we have 

Hom'{Jx, Jp) = Hom'{J^+x, Ju+ti) = Ham' {j^+x*J^+fi*)- 

The latter space can be nonzero only if 5F£,y+A lies in the closure of 3^^^+^, which is known to 
be equivalent to A ^ /i. □ 

3.6.3. Existence of the filtration. We will say that an object X E is convolution exact if 
X * L e T/ for all L e Tj. We will say that X is central if X * L ^ L * X tor all X e ?/. 

It will be convenient to extend the definition of Jx to all w G by setting Jw — J\ * jwf* 
for w — X-Wf,X€A, Wf€ Wf. 

The next result is proved in the Appendix. 

Theorem 5. a) The objects G Dj actually lie in 7j. 
b) 3^£w is open in the support of Jw, and j'^{Jw) — 

The next Proposition obviously implies the existence of the filtration. 

Proposition 5. a) Any convolution exact object ofTi has a filtration whose subquotients are 
Wakimoto sheaves Jw 

b) If X is also central then only J^ with w G A appear in the filtration of (a). 

Remark 7. Statement (a) of the Theorem can be compared to the following result due (to the 
best of our knowledge) to Mirkovic (unpublished): every convolution exact sheaf on the finite 
dimensional flag variety G/B which is smooth along the Schubert stratification is tilting, i.e. 
has a filtration with subquotients ju,!, and also a filtration with subquotients jw*- 

We sketch a proof of Mirkovic's result for the sake of completeness. Let 3^ be a convolution ex- 
act perverse sheaf on G/B as above. We have to check that Ext-'°{jw<,3^) = = Ext^^[y,jw*). 
We check the first equality, the other one is similar. Since 3^ is convolution exact, the convo- 
lution J * jwo\ is a perverse sheaf, thus it lies in the full subcategory generated by the objects 
w G W , d > Q under extensions. Thus 7 — J * jwo\ * jwo* lies in the full subcategory 
generated by jw\ * Jtuo*[(i] = jwwo*[d\, d >0, which implies the needed Ext vanishing. 

The central sheaves Zx (for A 7^ 0) provide examples of convolution exact objects of Tj which 
are not tilting (see, however. Theorem [7] and Remark [TO] below). 

The proof of the Proposition will be given after some auxiliary Lemmas. 

Lemma 14. a) We have Jx * Jw — J\w 

b) If w G A+ • Wf then Jw — jw*- If w E (— A++) • Wf then Jw = jw\; here A++ is the set 
of strictly dominant weights. 

Proof, (a) is immediate from the definitions. To prove (b) we observe that for Wf G Wf, 
A G A+, /i G A++ we have 

£{X ■ Wf) = i{X) + i{wf) ^ jx-Wf* = jx* * jwf* ^ Jx* Jwf = Jx-wf; 
(.{{-y) ■ Wf) = ^(-m) - (-{Wf) ^ j-^L-Wf \ = j-p! *jwf* = J-p. * Jwf = J-f^-Wf- □ 
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3.6.4. Perverse sheaves on stratified spaces. We now recall some facts about perverse sheaves 
on stratified spaces. 

Let X = y be a stratified scheme over a field; thus C X are locally closed smooth 

subschemes. We assume for simplicity of notations that the embeddings js : Xg ^ X are 
affine, and that jujs*{Qi) has constant cohomology sheaves for all u,s ^ S. We abbreviate 
js* — Js*(Q/[dim Xs]), js\ = j;5!(Q/[dimXs]). Let D be the derived category of constructible 
sheaves on X, and be the perverse t-structure, and T be its heart (the category of 

perverse sheaves). The following statement is standard. 

Claim 1. ForJeD set S** = {s G 5 | ^ 0}; S'^ ^ {s e S \ j- (J) ^0}. We have 

a) If 3^ ^ D-^ and cohomology of j*(X) are constant sheaves for all s E S, then 5" £ 

{jsi[i\ |z > 0, s G S^) ( cf section \2.0.2\ for notations). 

h) If 3^ E D-'^ and 'J G (js*H |i > 0, s G 5) then 7 is a perverse sheaf; moreover, 7 carries 

a filtration with subquotients isomorphic to js*, s G 5j. 

Proof, (a) is equivalent to saying that Il''{j*{3')) = for k > —dim(Xs), and is constant 
otherwise. Here the first condition is the definition of the perverse i-structure, and the second 
one was imposed as an assumption. 

The assumptions of (b) imply that i/'^(j;,(3^)) ~ for k > — dim(Xs), and is constant 
otherwise. However, i/'^(j:,(3^)) = for k < — dim(Xs) by the definition of the perverse t- 
structure. Hence jl{3^) = Q/[dim(Xs)]®", which implies the conclusion of (b). □ 

For X eDi set 

W^ = {wEW I jUX) ^ 0}; 
W'^^iwEW \t{X)i^^}. 
Lemma 15. For X G -D/ there exists a finite subset S C W , such that for all w E W we have 

WL*x, Wlr*x CwS; 

wLj^,, w;,,j^, cs-w. 

Proof. Proper base change shows that any point x E such that the stalk of j^i * X at x is 

nonzero lies in the convolution of sets 3^1^ and Supp{X) (i.e. in the image of S^i^ x Supp{X) 

I 

under the convolution map). Thus to prove the first of the four statements it is enough to 
show the corresponding estimate for convolution of sets; the other three statements follow in 
a similar way. Thus for a fixed I- invariant S C we have to show that for some S <Z W , 
the convolution of sets 6 * (respectively, 3^1^ * 6) is contained in IJ (respectively, 

IJ 3^liu). Without loss of generality we can assume that 6 — for some v G W . The 

claim easily follows by induction in (.{v). □ 

Proof oi Proposition [51 a) Let X G T/ be convolution exact, and let S be as in Lemma [TSl 
We can write S as 

5" = {XiWi}, 

Wi G Wf, \i G A. Choose j/q G — A+ such that VQ + Xi G — A++; thus j(uo-s)\ = J{uo-s)\ for s E S. 
Since j-va\ * X = J-va * AT G y we see by Lemma [T5| Claim [ija) that 

J_^o * a: G {j[-^o)-s\[i\ I i > 0,s G 5) = (J(_^o).s![i] I i > 0,s G 5"). 

Hence 
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for all V ^ K. In particular, choosing v G A+ such that v + Xi E A+ we see that 

Since * X E this implies statement (a) by Claim [TJb). 

(b) We can choose A e A+ such that A • S* c A++ -Wf, S ■ XcWf ■ A+. Then we see that 

wLj, C Wf ■ A++ n A++ • Wf = A++, 

which implies statement (b). □ 

3.6.5. Construction of tensor structure on Let A C Ti he the full subcategory of sheaves 
which admit a filtration whose subquotients are Wakimoto sheaves Jx (which makes sense by 
Theorem [Sja)). Since J\* = Jx+n we see that is a monoidal subcategory of Dj. 

Let grA C ^1 be the subcategory whose objects are sums of sheaves Jx, and morphisms are 
direct sums of isomorphisms Jx Jx and zero arrows. Thus A, grA are monoidal subcategories 
in Dj, and grA is obviously equivalent to Rep{T~). Since Ext^[Jx, J^) = for fi X (in 
particular, for /i > A) every object X E A actually admits a filtration {X<,y) indexed by (A, <) 
such that gr^{X) = X<„/X^^ is the sum of several copies of J^. (Recall that > is some'" 
complete order on A compatible with the standard partial order). Since Hom{Jx, Jp) — for 
A 2^ /X, in particular, for /i > A, such filtration is unique. Thus taking the associated graded is 
a well defined functor gr : A ^ grA. 

The next statement is an equivalent form of Theorem IJJa). 

Theorem 6. The functor gr o Z : Rep{G') grA = Rep(T') is tensor, and is isomorphic to 
the functor of restriction to a maximal torus. 

The proof of the Theorem will be given at the end of the subsection. 

Proposition 6. a) The functor gr : A —> grA has a natural monoidal structure. 

h) The composition gr o Z : Rep{G~) grA has a natural structure of a central functor (see 
\3.2\ for the definition of a central functor) . 

Lemma 16. Let D,® he a triangulated monoidal category (where ® is triangulated in each 
variable), and A d D be a heart of a t-structure. Let A, B E A be objects with filtrations 
{A<i, B<i) . Assume that gr{A) gr{B) e A. Then A<ci CE) B<j G A; and we have a natural 
isomorphism 

(20) gr{A®B)=gr{A)(x)gr{B), 

where gr{A®B) is the associated graded with respect to the tensor product filtration {A®B)<,k = 
^ A<,i ® B<ck-i. For a third filtered object C E A the isomorphism (|20p is compatible with the 

i 

associativity isomorphism. 

Proof. The first statement is obvious. To see the second one notice that for all i,j the 
morphism A<,i ® B<j ^ {A ® B)<i+j factors through an arrow Sij : gri{A) (g) grj{B) 
gvi+j^A-S) B). Also the image of {A(g)B)<i+j in (A/(A<^)) (g) (B/B^j) equals gr{A)i (g) gr{B)j 
which induces an arrow aij : gr{A (g) B)i+j gr{A)i ® gr(B)j. It is clear that atj o Sij — id, 
and that 

s = ^ Sij : gr{A) gr{B) -> gr{A ® B) 

hi 

is surjective. Hence s is an isomorphism. Compatibility with associativity is clear. □ 
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Lemma 17. Let F : 7 Q be a central functor from a tensor category 7 to a monoidal category 
G. Let G : G G' be a monoidal functor to another monoidal category C. Assume that G 
admits a right inverse, i.e. there exists a monoidal functor G' : G' ^ G .such that G o G' = id. 
Then G o F is naturally a central functor. 

Proof. Let ax,Y ■ F{X) ®Y Y ® F{X), X e 7, Y e G he the centrality isomorphism 
for F. Define the centrahty isomorphism for G o F by cr^ y — G{ax.G'{Y)), X £ 7, Y e G'. 
Then a' provides G o F with a structm'e of a central functor, because all the required diagrams 
commute being images of commutative diagrams in C. □ 

Proof of Proposition [S] (a) is immediate from Lemma [HI (b) follows from Lemma [T7] by 
setting T = Rep{G'), G = A, G' = grA, G = gr, G' is the embedding grA ^ ^1. □ 

To prove Theorem [6] we need another 

Lemma 18. Let 7i, T2 be abelian rigid tensor categories, and F : 7i T2, {o'x,y ■ ® 
Y^^Y (g) F{X)} be an additive central functor. Let U £ 72 be an object. Suppose that there 
exist V £ 7i, and a surjective map f : F{V) — > U such that for all X £ 72 the following 
diagram is commutative 

F{V)®X "^•'^ i x®F{y) 



U®X -^^^^ x®u, 

where C^^ denotes the commutativity isomorphism in T2. Then ax,u = Cp(x),u for all X £ 7i. 
Proof. By the definition of a central functor we have 

where C^"^ is the commutativity isomorphism in Ti. The morphism Cu,x ° crx,u is a quotient 
of (Jv,F{x) ° '^x,F{v) (recall that tensor product in a rigid abelian tensor category is exact in 



each variable); hence Cjj^-^ o ax,u = idp(x)i»Ui ^^^d crx.u = 



3.6.6. Proof of Theorem\^ By Proposition [6] the functor gr o Z : Rep{G') grA = Rep(T') is 
central. We need to check that it is in fact tensor. It sufhces to check that 

(21) '^v.A = C^IIzWa 

for V £ Rep{G'), A £ gr{A); the tensor property would then follow from the definition of a 
central functor. Lemma fTUT b) implies that conditions of Lemma [T51 hold for Ti = Rep{G'), 
T2 = grA, V ^ Vx, U ^ Jx, X £ A+. Hence ^ holds for A = Jx, X £ A+. If ^ holds 
for some (rigid) object A then its validity for another object A' is equivalent to its validity for 
A(E)A'. Thus dH]) holds for aU Ja, A S A; and hence holds always. 

Thus groZ comes from a homomorphism of algebraic groups T' G'. This homomorphism 
is injective, because for every A £ A"*" the character A is a direct summand in 177' o Z(Vx) by 
Lemma [SI Hence the image of T' in G' under the above homomorphism is indeed a maximal 
torus. 

This establishes Theorem [Hi and thus also Theorem [31 □ 

3.7. Factoring F to F. Let dJi C 'Naf be the complement to J^. We will show that F 
yields a functor D*^ (N) L){A) by checking that it sends all complexes whose cohomology is 

supported on dJ^ to acyclic complexes. This will be deduced from the existence of a filtration 
on Zx constructed in the previous section (recall that the definition of F only relied on Lemmas 
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[9l [To)) . Notice that d'Naf contains the support of the cokernel of the morphism B\ for any 
A S A"*", and equals this support if A G A++ fsee 13.3.21 for notation). 

For a morphism (jj : V L in a tensor category over a characteristic zero field and d G Z>o 

one can form the Koszul complex A'^{V) A'^-'^{V) > A'(T/) ® Sym'^-\L) 

Sym'^(L) 0. In the examples below some exterior power of V vanishes, and we will let 
d be the maximal integer such that A'^{V) ^ 0, the resulting complex will be called the Koszul 
complex associated to 0. 

Let Kx £ Kom{Coh'^^^'^ (3Nf)) denote the Koszul complex associated to B\. Thus 

Ka = (0 ^ = A'^iVx) 0^ A''-\Vx) ® 0(A) ^ • • ■ 0{{d - 1)A) O(dA) O) 
The key step is the following 
Lemma 19. We have F{Kx) = for all A e A+. 

Proof. We keep the notations of the previous section. Thus F(Kx) is a complex of objects of 
A. To see that F(Kx) is acyclic it is enough to see that gr{F{Kx)) £ Kom{grA) is acyclic. The 
latter is a complex in grA = Rep(T'). Since the differential in IK^ is obtained from the arrow 
Bx by tensoring with Vx and taking direct summands, Theorem [6] together with Proposition 
inja) show that gr{K) G Kom{grA) = Kom{Rep{T~)) is identified with the Koszul complex 
associated to the non-zero map Vx\t' ^ A in Rep{T~). Since the latter complex is acyclic, we 
get the statement. □ 

Now the definition of F follows from the next 

Lemma 20. Let Hoto{Coh^^'''^' (Naf)) C Hot{Coh^^'''^' p^af)) be the thick subcategory of 
complexes whose cohomology is supported on d'N. 

a) Any J e HotoiCoh^''^' {Tiaf)) C ffot(Co/i^;^^"(K/)) is a direct summand in 3^ ® Ka 
for some A. 

b) The functor of restriction to 3Nf provides an equivalence 

(22) Hot{Coh%''^' {J^af))lHot^{Coh%''^' {J{af))^D'''^'^' {J{) - D'^'ii^). 

Proof, a) It is clear that Hot{Coh'^^^^ (Naf)) is identified with a full subcategory in 
D^iCoh'='''''^'i'Naf). Forany J e Hota{Cohf^'^'^' {Jiaf)) the corresponding object of i:)''(Co/i'=^'>^^'(3\fa/) 

can be represented by a finite complex of coherent sheaves set-theoretically supported on cJJsf. 
This is clear by the following well-known fact (cf. e.g. [B2| . Lemma 3(b)): for an algebraic 
variety X and a closed subvariety Z <Z X the tautological functor provides an equivalence 
D^{Cohz{X)) ^ D%{Coh{X)), where Cohz{X) C Coh{X) is the fuU subcategory of sheaves 
set-theoretically supported on Z, and D''^{Coh{Xj) C D^[Coh{X)) is the full subcategory of 
complexes whose cohomology sheaves lie in Cohz{X). 

If C is a finite complex of coherent sheaves set-theoretically supported on SINT, then it is 
scheme-theoretically supported on some nilpotent neighborhood of d'N. For some A £ A+ the 
restriction of Bx to this neighborhood vanishes, thus we have Bx <E) idc = 0. Hence 

Kx® C ^ ® A'iVx) ® 0{{d ^ i)X), 

i 

which imphes (a). 
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b) It suffices to check that the image of the functor ([22]) generates D'^ (3sf) as a triangulated 
category; and that is a full embedding. Here the first statement follows from Lemma [2lT a) 
below; and the second one is a particular case of the following general statement. □ 

Sublemma 1. Let A he a finitely generated commutative algebra graded by Z>g, and let X 
be the corresponding multi-Proj scheme. Let be the homotopy category of free -graded 
A-modules, and D'^'^ be the full subcategory of complexes whose localization to D^{Cohx) is 
zero. Then / D^'^ is identified with a full subcategory in D''{Cohx). 

Same is true for the categories of H-equivariant sheaves/modules, where H is a reductive 
algebraic group acting on A. 

Proof. For any finite complex C G Da^, and any Aq £ there exists C" e ^^'^ ^ 

morphism f : C ^ C , such that cone{f) G L)^''^, and (C)* is a sum of modules of the form 
A (g) V(A), Ao — A S Z^. (To see this pick a (i/-invariant) subspace V G A^, for /i large, such 
that A/V ■ A is supported on the complement to the cone over X, then consider the Koszul 
complex 

K={0^ A{-dfi) A{-{d - rg,V* ^ > A'^{V*) A ^ O) 

placed in degrees from —d to 0. We have K®C G D^a '^ , and the complex Ker{K®K'^{V)®C 
C)[— 1] has the required form). 

Now given i? G D^^ we can find Aq such that i/ornj)^ (A( A) B)^^i?om ^jt^co/j^) (0(A) (g) 

y,ZL(i?)) whenever Aq — A G Z" where £ : D^j[ D^(Cohx) is the localization functor. Then 
also Homjyfr{C',B)^^^Hom{£j{C'),L{B)) for C" as above, which implies the statement. □ 

4. Proof of Theorem [T] 

4.1. Intermediate statements. We will deduce the Theorem from the next two statements. 
Recall that k denotes the bijection A ^W. For J G Djw, and G A set Stalk^{3^) = 

?;(J)[-dim jr^'')], Costalkf.iJ) = il{J)[dim9t''''^] for x G S'r^"^; these are objects of the 
derived category of vector spaces defined up to an isomorphism. 

Proposition 7. For k algebraically closed we have 

Stalk^iFjv^iV)) ^ Q;®'^^''' ^ Costalk^{Fjv}iV)), 
where [fi : V] is the multiplicity of the weight fj, in V . 
Proposition 8. For V G Rep{G'), fi G A+ the map 

(23) i/om^o"(H)(1^ ® 0, 0(/i)) -> Hom{Fjw{V ® 0), Fjw{0{t^))) 

is injective. 

4.2. Proof of Theorem [3l We now deduce the Theorem from Propositions [71 [H 

Lemma 21. a) The objects 0(A), A G A generate (N) as a triangulated category, 
b) The objects 0(-A) V^,, X, e K+ generate D^' {ii) as a triangulated category. 

Proof, (a) Since is smooth every object of D'^ (3V) is represented by a finite complex 
of G'-equivariant vector bundles. We now claim that every such vector bundle is filtered by 
line bundles 0(A). Let £ be such a vector bundle. It is enough to show that there exists a 
C-equivariant injection of vector bundles 0(A) ^ £. 

We have an equivalence Coh'^ (3Nf) = Coh^ (n"), £ ^ £|n'- Let M = r(£|n-); then the data 
of an injection 0(A) ^ £ is equivalent to the data of an element v G M such that B~ acts on 



24 



SERGEY ARKHIPOV AND ROMAN BEZRUKAVNIKOV 



V by the character A, and v projects to a nonzero element in the coinvariants M / [n')* M . It 
is easy to see that if A is a lowest weight of T' C B' in M (which necessarily exists, because 
the set of weights of M is readily seen to be bounded below) then every v of weight A satisfies 
these requirements. 

(b) In view of statement (a) it is enough to show that for all A the line bundle 0(A) lies in the 
triangulated category generated by 0(— 77) ® V^, ?7,M € A+. Acyclicity of the Koszul complex 
(see section [STT)) shows that for all ji £ A+ the sheaf 0(c?/i) lies in the triangulated category 
generated by 0((d - fc)/i) (g)V, k > 1, V e Rep{G'); twisting it by 0(A - dfi) we see that 0(A) 
lies in the triangulated category generated by 0(A — k^) ®V,k>l,Ve Rep{G'). But given 
A G A we can find /i £ A+, such that kfj, — X € A+ for all fc > 1. □ 

Lemma 22. The objects Fjy}{0{X)), A G A generate -Djw o,s a triangulated category. 

Proof. Theorem [Sfb) implies that the support of Fjwi{0{X)) is contained in the closure of 

Furthermore, it is shown in |B4 1 4.1.2, Lemma 11] that the restriction of J\ to the Go-orbit 
of J'ix coincides with the restriction of the standard sheaf Thus Lemma |31[c) shows that 
the restriction of Fjiv(0(A)) — Av^{J\) to J'^'''-^-' has rank 1. This implies the Lemma. □ 

4.2.1. Proof of Theorem\^ We first check that Fjw is a full embedding, i.e. that the map 
(24) Hom'^a ^i,){^,'5) ^ Hom'^a~^j,){F,y,{J),F3wm 

is an isomorphism. 

It is known e.g. by results of [KLT| that for A G A"*" and V G Rep{G~) we have 
^^W- ® 0, 0(A)) = Homo-iV, i/^(M, 0(A)) = 

for i =^ 0; and 

dim iJom^^^o- (3^) (^ ® 0, 0(A)) = [X:V]. 

The latter also equals 

dimHom{Fjw{V ® 0),Fjw{OW) = dim Stalk x{Fjw{V ® 0)) 

by Proposition [T] Thus Propositions [71 [H] imply that is an isomorphism for J' — V" 0, 
g = 0(A), A G A+. Since Faw(5'® 0(A)) = Faw(5') * J\, and the functor J ^ J® 0(A) is 
invertible we see that it is also an isomorphism for J' — V ® 0(— A), 3 = 0. Hence by Lemma 
dUb) it is an isomorphism for 3 = and all J. Again twisting by 0(A) we deduce that it is an 
isomorphism for all 5" and 3 = 0(A). Hence this is also true for all J', 3 by Lemma I^TTa). 
We proved that Fj-w is a full embedding. It is then essentially surjective by Lemma □ 

4.3. Proof of Proposition [8j category and the regular orbit. Let 3\f'^ C ?sf be the 
open G' orbit, and A^o G be an element. We introduce yet another auxiliary category 7^; 
this category can be identified with Coh'^ 0^) = Rep{ZG-{No)). 

Let C Dj be the thick subcategory generated by L^;, ^{w) 7^ 0; and let Z?j be the 

quotient category. Let also C D° be the image of T/. Thus = J'//(3'/ n Df ) is an 
abelian category; it has one irreducible object if G is simply connected; in general the 
number of irreducible objects in T"/ equals #7ri(G). 

The convolution of any X G with any object of Dj lies in of^; thus the convolution 
induces a monoidal structure on Dj (which we denote by the same symbol). Moreover, the 
abelian subcategory C -Dj is monoidal. 

Let Fq : Rep{G') be the composition of the projection functor Vj with Z. Then 

Fo respects the monoidal structure. Let T denote the full subcategory of consisting of all 
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subquotients of i^o(^) for some V E Rep{G~) (in fact, one can show that T = Tj, but we neither 
use nor prove this here). Also M induces a tensor endomorphism of the functor Fq. 

Let us recall that for any subgroup H C Zg-{Nq) the restriction functor res^ carries a 
canonical tensor endomorphism induced by iVo. 

Lemma 23. There exists a subgroup H C Zq-{Nq), and an equivalence of monoidal categories 
T ^ Rep{H), which intertwines Fq with the restriction functor res'^ , and sends the tensor 
endomorphism M into the endomorphism induced by Nq. 

Proof See [Bl]. □ 

Remark 8. It is not difficult to deduce from the results of the present paper that in fact 
H = Zg-{No); and also that T = 7°. 

Remark 9. Lemma is a particular case of a more general result proved in [Bl] , which relates 
representations of a centralizer of any nilpotent in g' to a two-sided cell in W. This result is 
deduced from some "non-elementary" Theorems of Lusztig about (asymptotic) Hecke algebras, 
see |L1] (which rely on the theory of character sheaves). However, the particular case used in 
Lemma [53] depends only on the elementary particular case of Lusztig's Theorems, which deal 
with the maximal cell and the regular nilpotent orbit (the corresponding fact about the Hecke 
algebra amounts to the computation of the action of the center of the affine Hecke algebra in 
the Steinberg representation). 

For Vi, V2 e Rep{G') Lemma [531 yields an injective map 

(25) Homza- iNo)iVi,V2) ^ HomyoiFo{Vi), FoiV^)). 
On the other hand, we have 

Homza^(N„){Vi,V2) = HomcohO'{w>){Vi ® 0, ^2 ® 0) = Hom^^,^o ^^}i)iyi 0, ^2 ® 0), 
thus the functor F induces another map 

(26) Homza-iNo){Vi,V2) ^ i/om,, (2(14), ^(^2)) ^ i/omjo (FqCI^), ^^0(^2)). 

Lemma 24. The map ()25|) coincides with the composition in ([26]). 

Proof. This follows from the uniqueness statement in Proposition [l]Ja), since both ([55)1 and 
([5S]) send the "tautological" tensor endomorphism to the logarithm of monodromy endomor- 
phism M. □ 

Corollary 2. The composed map ()26|) is injective. □ 

4.3.1. Proof of Proposition\^ We first claim that for any A e A+ the sheaf 0(A) G Coh'^'{'N) 
can be realized as a subsheaf in T^CSO^ for some V £ Rep{G~). Indeed, for a simple coroot (root 
of G") a e A let us denote by C K the G'-invariant divisor T*{G'/P'a) >^g-/p-^ G'/B', 
where P'a C G" is the corresponding minimal parabolic. Then it is easy to see that 

thus we have an injective map of sheaves ^ 0(— a). Taking tensor products we get also 
injections 0(A) ^ 0(A — 2np). For large n we have X — up E — A+, so we get an injection 

O(A-np) -^K,„(A_„p) (8>0. 

Thus it suffices to see that the map 

(27) Hom{Vi ® 0, V2 0) ^ i7om(Fjw(T4 0), F3w(V2 0)) 
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is into. The functor Av^ : CP/ Tjw is exact by Proposition [2l^a) ; by Lemmata) it does not 
kill Lw for w G -^W, in particular for £{w) = 0. Hence it does not kill any morphism whose 
image in y'j is nonzero. The statement now follows from Corollary [21 □ 

4.4. Proof of Proposition [Tj We first prove the following 

Theorem 7. Stalk ^{FjwlV)), Costalkf^{Fjvj(V)) are concentrated in homological degree for 
all neA+,V € Rep{G ). 

Remark 10. Theorem [7] says that F']v^{V) is a tilting object of Tjw- 

Remark 11. We do not know whether the following strengthening of Theorem [7] is true: "for 
every convolution exact object 'J of the sheaf Aq * 5" is tilting" (cf. Remark [7] in section 

mi). 

Remark 12. Recall that the parabolic- singular Koszul duality is an equivalence between the 
mixed versions of parabolic and singular categories O, see BGSj . An appropriate version of 
this equivalence (see |BGj ) sends irreducible objects into tilting ones. The parabolic category 
O is equivalent to the category of perverse sheaves on the partial flag variety G/ P. Using (a 
variation of) the result of [MS] one can realize the singular category as an appropriate category 
of Whittaker sheaves. One can try to generalize this picture by replacing G by the loop group 
Gf, and P by the maximal parahoric Go- Thus we are led to the conjecture that there exists 
an equivalence between the mixed versions of i^aiv and the category of Iwahori monodromic 
sheaves on the affine Grassmanian. In fact, this conjecture can be derived from a combination 
of the results of this paper and those of |ABG| , or by adapting the method of [BGSj ; see also 
discussion in IB41 1.2]. 

In view of some formal properties of this duality (in particular, the fact that the central 
sheaves are Koszul self-duao) the statement of Theorem [7] is Koszul dual to the statement that 
TT, (Z]^'^*') is simple of weight 0; the latter statement is clear from the definition of Z together 
with the fact that nearby cycles commute with proper direct image, cf. [G], Theorem 1(d). 

The Theorem will be deduced from the following two statements. 

Lemma 25. // Theorem^ holds for two representations Vi,V2, then it holds for V ^ Vi'SiV2. 

Lemma 26. Theorem^holds ifV — V\, where A G A+ is either minuscule or quasi- minuscule 
(i.e. is the short dominant root). 

4.4.1. Proof of Theorem^ If G~ is not adjoint let V be the sum of its minuscule irreducible 
representations; otherwise let V be the quasi- minuscule representation. Lemma [26] shows that 
the statement of the Theorem holds for V . However, it is easy to see V \s a. faithful representa- 
tion; hence it induces a surjective map from functions on End(V) to functions on G'. Since V 
is self-dual, any irreducible representation of G" is a direct summand of T/®" for some n. Thus 
the Theorem follows by Lemma [IHl n 

Remark 13. The trick of reduction to the special case of a (quasi-)minuscule representation was 
also (independently) used in fNP'. 

4.4.2. Proof of Proposition The Proposition follows from Theorem [7| and the following 
Lemma. 

Lemma 27. The Euler characteristic '^{—ly dim {Stalk ^F'^tygiV ® 0)) equals [jj, : V], the 
multiplicity of the weight fi in V . 



This fact was suggested to us by M. Finkelberg. 
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Proof. For a triangulated category D we will denote its Grothendieck group by K{D), and for 
X ^ D will let [X] G K{D) be its class. We have an isomorphism K{Di) = [jw\\ ^ w. 

This isomorphism is compatible with the algebra structure, where the one on K{Di) comes 
from the convolution on this follows from the equalities 

• [jiual] = [3wt\ *3w2^] = [jwxwA for t{wiW2) = t{wi) + £{w2); 
bs<]~'^ = [js*] = [js\], 

where s is a simple reflection. It follows that [J\] — for all A G A. Thus Theorem |4] implies 
that 

[Z{V)]=^[fi:V]-[J,]=^[,,:V]-[j,,]. 

Thus 

which implies the statement of the Lemma. □ 

4.4.3. Proof of Lemma [2R We will consider the condition on stalks; the one on costalks is 
treated similarly. Notice that this condition is equivalent to saying that Fj-wCV) carries a 
filtration with subquotients isomorphic to A^. If this is the case for V = Vi, then i^jw(Vi ^ V2) 
carries a filtration with subquotients of the form 

(28) A^ * Z{V2) = Ao * Z{V2) * j^i , 

where the central property of the sheaf Z(V2) is used. The Lemma will be proven if we show 
the corresponding statement for the stalk of the sheaf 3" appearing in either side of ([28]) . J' is a. 
perverse sheaf by exactness of convolution with Z(V2); hence Stalkfi{J) G by the definition 
of a perverse sheaf. The opposite estimate follows from the assumption that Aq * ^{¥2) has a 
filtration with subquotients A^ , and the following □ 

Sublemma 2. For all \,v ^ K, w we have 

Stalk),{A^ * j^,) G D^°. 

Proof. The statement is equivalent to 

A^*j^, G {A^[i\ , i < 0,M e A) 

(cf. sections |2.0.2[ [3A4l for notations). Since Aa = Ao *ju<. for any u G Wf ■ A by Lemma|4jc), 
the latter follows from the following statement (see e.g. [BeBe] ) 

(29) * G {jw\[i] , i <0,w eW). 

To verify (I29p we can assume that W2 = s is a simple reflection. If £{wi ■ s) > £{wi), then 
jwi'. * js! — jwi-s'., so (j29|) is clear. If i{wi ■ s) < £{wi), then we have an exact triangle 

jwi\ © > jwi\ * js\ > jwis\, 

which shows in this case also. □ 
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4.4.4. Proof of Lemma [M 

Lemma 28. For Wf ^ W/, V £ Rep[G~) we have an isomorphism 

Stalkx{Fjw(V ® 0)) ^ Stalk^^(X){Fjw{V 0)). 

Proof. Let s G Wf be a simple reflection. Then Aq * Ls = by Lemma |4lja) above. By the 
central property of Z{V) we have also 

F3w{V (g) 0) * Ls ^ Aq * Ls * Z{V) = 0. 

For X G Djvj, and A G A such that s(A) ^ A it is easy to construct an exact triangle 

StalkxiX)[-l] Stalkx{X*Ls) Stalk,(^x){X) ^ Stalkx{X). 

Thus Stalk\{X) = provided that X * Ls = 0. This proves the statement of the 

Lemma for Wf ~ s, and hence for all G Wf. □ 

Lemma 29. For V G Rep{G') let dy = dimF^o, where Nq is a regular nilpotent element. 
Then we have 

(30) dimiJom(Ao * Z(F), Ao) < dy. 

The proof of the Lemma will rely on the following result of D. Gaitsgory (unpublished); we 
reproduce the proof in the Appendix. 

Theorem 8. There exists an element 371 = 9Jtg^ of the center of CP/ such that 

i) mz(v) = My for V G RepiG'). 

ii) — for any irreducible object L ^Tj. 

Proof of Lemma [511 We have 

Hom{Ao * Z{V),Ao) = Homs^^ {Z{V), Le) = -ffom/y, (Z(F)mv ,Le)^ Homyo {Z{V)mv , Le), 

where the first equality follows from Proposition[2l(b); and the second one from Theorem[8l But 
Lemma[23]implies that Z(V^)3vti/ mod yl^" has length c?y, which shows that dim _ffoTOj)o(Z(V^)jrtv : ^e) — 
dv- □ 

Proof of Lemma \26[ (conclusion) . It follows from Lemma [9] that 3^£'^ is open in the support 
of FjwiVx), and 

Stalk^„(^x)iF3w{Vx ® 0)) ^Qi. 

By Lemma [28] we conclude that 

(31) Stalk^^^x){F3w{Vx ®0)) = Qi for Wf G Wf. 

If A is minuscule then (j3ip implies the statement of the Proposition, because in this case the 
support of Fjv^iVx ® 0) contains iff /i G WfiX). 

Assume now that A is quasi-minuscule, i.e. A is the short dominant coroot. Then the support 
of Fjvii{Vx (8 0) contains iff either ^ G Wf{X) or ^ = 0. The first case is treated by (1^ . 
so it remains to consider the case ^ — 0. 

We first claim that StalkQ{Ao * Z{V)) can only be concentrated in degrees and —1. This 
follows from the exact triangle 

j!r(Ao * ZiV)) ^ Ao * Z{V) ^ i,t*iAo * Z{V)), 

where i is the embedding of G/B ^ 3^1, and j is the embedding of its complement. ([3T|l 
shows that j*(Ao * Z{V)) carries a filtration whose subquotients are of the form j*(A^). Since 
j\j*{A^) = A^ for 7^ we see that j\j*{Ao * Z{V)) is a perverse sheaf, hence z*i*(Ao * Z{V)) 
is concentrated in homological degrees and —1. 
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To finish tlic proof it now sufRccs to check that 

(32) dimH°{Stalko{Ao*Z{V))) < ^(-l)Mim iJ'(5to/fco(Ao * Z(F))). 

Here the vector space in the left hand side is dual to the vector space Hom{Fjv^{V ® 0), Aq), 
so its dimension is estimated by Lemma [29l The right hand side of ([32]) is computed in Lemma 
[571 To see ([5^ it remains to notice that for A quasi-minuscule we have 

[0 : Vx] = dimVl' = dimV^'\ 

where h is the semisimple element in a regular sl{2) triple e = {NQ,h,f); here the first (re- 
spectively, the second) equality is true because every non-zero weight of V\ is a root, hence is 
non-zero (respectively, even) on the Cartan of a principle SL{2). □ 

4.5. Proof of Theorem[2l In view of Proposition[2]it suffices to check that Av^, : ffj fjyo 
is essentially surjective. By Theorem [3] any X e CPjw is isomorphic to Fjy){J) = prf{F{3^)) 
for some 3^ G Z)(3\f). Since Av^iJ is exact by Proposition [2^a) we see that X = Av^,{F{3^)) = 
Avqi{H'^'P{F{J')), which shows essential surjectivity of Av^,. □ 

4.6. Application: Whittaker integrals of central sheaves. For 9^ £ D set Whl^{3^) — 
i?*(^^(A§) (g) (?")). If is endowed with a Weil structure then Whl,,{J) carries an action of 
Frobenius. 

Theorem 9. Let A G A+, w — K{fi) W . Recall that \fi : Vx\ denote the multiplicity of the 
weight /i inV\. Then we have 

WK-^{Zx)^Q for i7^dim(jr); 
dimW^/i5"')(ZA) = [M:Vx]. 

Moreover, we have 

Tr(i^r,PFC°*^'™'(^A'^"')) = QxAl^'^Y, 
here the polynomial Qx^^it) is defined by 

(33) Qx,tj. = Qa,«,(m) for w £ Wf, 

(34) Qx,^ = t"^^^+'^^«^PxAt')^ 

where Px,fi is the Kazhdan-Lusztig polynomial (the q-analogue of weight multiplicity), see [LOj . 

We will abuse notations by writing V^u for the Weil sheaf iwt:^^{AS)[£{w)]{^^^) . 
Lemma 30. a) For 3^ G Di we have a canonical isomorphism 

(35) Whl{Av^{J)) - T4^/^;+^("'°) (h^-^) 



If 3^ is equipped with a Weil structure, the isomorphism is compatible with the Frobenius action, 
b) For J G -Djw we have 

(36) Whl,{J)=Hom(y,y^[i + l{w)]{^-^) 



2 

for J equipped with the Weil structure the isomorphism is compatible with the Frobenius action. 
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Proof. It is easy to see that Ji'^ is an orbit of the group I fl Np . It follows that 
where 

(37) ^-i-nN,,^ = «'(^i*-nN,/t/(^§) ^P^m), 

and pr : I~ n Np//7 x supp{3^) supp{J), a : fl Np/[/ x supp{3^) 3^£ are the projection 
to the second factor, and the action map respectively, while U C 1" D Np/[/ is some open 
subgroup which stabilizes all x G supp{'J). Proper base change shows that 

for any group subscheme H C Np, in evident notations. This proves (a). 

To prove (b) notice that Lemma [2] implies that Wh\^{/S.^i) = unless w ^ w\ i — dimS'^'"; 
and 

It follows that 

dim Jt" 

WhliJ) =Wh*Jz^nl{:f)) ^ Horn* dim ). □ 

Proof of Theorem [9] (sketch) . The first two statements of the Theorem follow from Lemma 
[Mb). Theorem El and Lemma [27l 
The equality ([55)1 follows from 

Wh'^iZx*Ls)=0 

which yields an isomorphism 

where s G W/ is a simple reflection such that s(^) -< fi. 

Let us prove l[34|) . Using Lemma [30] and equivalence of Theorem [3| we see that 

M^/if "=^^(Za) - Hom{Vx ® 0, 0(/^)), 

where the action of Frobenius on the left hand side corresponds to times the 

action of the automorphism induces by the dilatation by q. 

By the well-known interpretation (due to Hesselink) of Pa,^ in terms of the character of the 
space of functions on IKf (see e.g. jBrj . Lemma 6.1) the trace of the latter automorphism equals 

5. Appendix 

by ROMAN BEZRUKAVNIKOV and IVAN MIRKOVIcfl 

5.1. Sketch of proof of Theorem [U It is easy to see that the morphisms mf : 3^1^ xj'i ^ J'i 
m™ : 5"^ X 3^£^ (restrictions of the convolution map) are affine (notations of section II. 2p . 

Hence for w = (A)~^ ■ ■ Wf, A, /i G A+, Wf ^ Wf we have 



'Partly supported by an NSF grant. 



AFFINE FLAGS AND THE DUAL GROUP 



31 



because ! direct image under an affine morphism is left exact in the perverse t-structure (see 
[BBD] . 4.1.2). On the other hand 

because * direct image under an afhnc morphism is right exact in the perverse ^-structure (see 
[BBD], 4.1.1). The two observations together give statement (a). 

In view of (a) , statement (b) wiU be proven if we check that the Euler characteristic of the 
stalk Eul^{Jyji) = ^(— l)MimiJ'(jj^(J^)) is zero for w' 2^ w, and is nonzero for w' = w. 
(Indeed, we have Eulyj{J^i) ^ whenever Jiy^ is open in the support of Jm'). In the proof of 
Lemma [?7l we have seen the equality [J^] = [jmi] in the Grothendieck group K{Dj). It imphes 
that Eulyj{Jyj,) = (-l)^("')(5^,i„'. □ 



5.2. Sketch of proof of Theorem [8j Let X be a scheme with a Gm action. Recall the 
notion of a monodromic constructible complex on X , and the monodromy action of the tame 
fundamental group of Gm on such a sheaf, see |V1) . In fact, the definition of loc. cit. works in 
the set up when X is a cone over a base scheme S, i.e. a closed Gm-invariant subscheme in Ag. 
For an arbitrary X we will say that a constructible complex J' on X is monodromic if j\a*{3^) is 
monodromic in the sense of [VI] . where a : Gm x X ^ X is the action map, and j : Gm x X ^ 
A"'^ X X is the embedding. If J' is a perverse sheaf, then we have End{3^)^^End{j\a* {"J)); so 
the monodromy action on i\a*{'J) introduced in |V1| yields an action on [f, which we also call 
the Gm-monodromy action. If this action is unipotent, it defines the logarithm of monodromy 
operator J 3^{—l), see e.g. [Dj, §1.7.2, which we denote by 

Let us now describe the element 971. Recall that the pro- algebraic group Aut(O) of auto- 
morphisms of O acts on 3^£. All I-orbits on are Aut(O) invariant. This implies that L^, 
are Aut(O) equivariant; in particular, they are equivariant with respect to the subgroup of 
dilations G^ C Aut(O). Hence any 9^ G is monodromic with respect to this action, and the 
monodromy action on S' is unipotent. 

We set Msr = -dJlf^. 

Then property (ii) is clear. To establish (i) we recall that the functor Z{V) is defined as the 
nearby cycles of a certain sheaf 3^v on the space 3^£x defined in terms of a global curve X. We 
can assume that X = A-'^, so that there is an action of Gm C Aut(O) on X compatible with the 
action on O. It also induces an action of Gm on 3'£x- Then it is easy to see that the sheaf 3^v 
is equivariant with respect to this action of Gm- Now property (i) follows from the following 
general 

Claim 2. Let X be a variety with a Gm-o.ction, and f : X —> be a function, such that 
f{tx) = tf{x) for X G X, t G Gm. If J is a Gm equivariant perverse sheaf on X, then the 
nearby cycles complex 4'/(?) is Gm-monodromic. Moreover, the monodromy action on f{J) 
as on the nearby cycles sheaf factors through the tame fundamental group of Gm', the resulting 
action of this tame fundamental group on J is opposite to the Gm-monodromy action. 

Proof. This is a restatement of |V1] . Proposition 7.1(a). More precisely, the set up of loc. 
cit. is as follows. One considers a constructible complex 3^ = pr*(?') on X x G„i where pri : 
Gm X X — > X is the projection; and a function / on G„i x X given by f{t, x) = tf{x). It is then 
proved that the Gm monodromy action on 5'j(prJ(5')) is opposite the canonical monodromy 

acting on the nearby cycles sheaf. Under our assumptions pr\{J) = «*(?"), / = «*(/), where 
a : Gm X X ^ X is the action map. Thus the statement of loc. cit. implies the Claim. □ 
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Remark 14. This Claim implies that the action of monodromy on the functor Z is unipotent (be- 
cause the Gm monodromy is obviously unipotent, as it is functorial, and is trivial on irreducible 
perverse sheaves). This fact was proved in [G] by a different argument. 
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